Abstract. The 2 nd variation formula of the Seiberg-Witten functional is obtained in order to estimate the Morse index of redutible solutions (A, 0). It is shown that their Morse index is given by the dimension of the largest negative eigenspace of the operator △ A + kg 4 , hence it is finite.
Introduction
Let (X, g) be a closed riemannian 4-manifold and Spin c (X) = {β + γ ∈ H 2 (X, Z) ⊕ H 1 (X, Z 2 ) | w 2 (X) = α(mod 2)}.
the space of Spin c structures on X. Originally, the SW α -monopole equations in 2 were not obtained through a variational principle, but they can be described as the stable solutons of the functional in 3, named SW α -functional. Since this functional satisfies the Palais-Smale condition it is allowed to related its critical points with the topology of its configuration space A α × Gα Γ (S + α ). As shown in [3] , by considering the embedding of the Jacobian Torus i : T b1(X) = H 1 (X, R)
into the configuration space , the variational formulation of the SW α -equations gives us an interpretation for the topology of A α × Gα Γ (S + α ); Theorem 1.0.1. Let (X, g) be a closed riemannian 4-manifold with scalar curvature k g . Thus,
(1) if k g ≥ 0, then the gradient flow of the SW α -functional defines an homotopy equivalence among A α × Gα Γ (S + α ) and i(T b1(X) ).
(2) if k g < 0, then A α × Gα Γ (S + α ) has the same homotopy type of T b1(X) .
Therefore, the existence of SW α -monopoles are not a consequence of the homotopy type of A α × Gα Γ (S + α ). It is also known that they may exist for at most a finite number of classes α and, whenever X has simple type, they satisfy α 2 = 2χ(X) + 3σ(X) 1 corresponding, each one, to a almost complex structure on X.
An application of theorem 1.0.1 is that the space A α × Gα Γ (S + α ) − {(A, 0) | A ∈ A α } has the homotopy type of T b1(X) × CP ∞ . I am grateful to Professor Clifford Taubes for sharing his knowledgment about the spectral properties of the operator △ A + kg 4 .
Background
In order to define the SW α functional, we fix a Spin c structure on X and also describe the Sobolev Space structure defined on the configuration space. For each α ∈ Spin c (X), there is a representation ρ α : SO 4 → Cl 4 inducing a pair of vector bundles (S α + , L α ) over X, where
The bundle S α ± are the positive and the negative complex spinors bundle (fibers are Spin
Thus, given α ∈ Spin c (X) we associate a pair of bundles
From now on, we considered on X a Riemannian metric g and on S α an hermitian structure h. Let P α be the U 1 -principal bundle over X obtained as the frame bundle of L α (c 1 (P α ) = α). Also, we consider the associated bundles
where Ad(U 1 ) is a fiber bundle with fiber U 1 , and ad(u 1 ) is a vector bundle with fiber isomorphic to the Lie Algebra u 1 .
Let A α be (formally) the space of connections (covariant derivative) on L α , Γ (S + α ) the space of sections of S + α and G α = Γ(Ad(U 1 )) the gauge group acting on A α × Γ (S + α ) as follows:
So, the action is free whenever φ = 0, otherwise the pair (A, 0) has isotropy subgroup isomorphic to U 1 . A α is an affine space which vector space structure, after fixing an origin, is isomorphic to the space
). The configuration space is C α . A topology is fixed on C α by considering the following Sobolev structures:
In dimension 4, the vector bundle Ω 2 (ad(u 1 )) splits as
, where (+) is the seld-dual component and (-) the anti-self-dual.
Fixed α ∈ Spin c (X), the 1 st -order SW α -monopole equations, defined over
performs the coupling of the ASD -equation with the Dirac c operator. A solution of equations 2 is named as SW α -monopole. It can be described as the space F −1 (0), where
). The SW α -equations are G α -invariant and the map F is a Fredholm map up to gauge equivalence. 
SW
where k g = scalar curvature of (X, g) and
The functional is well defined on C α , since in dimension n=4 there is the Sobolev embeddings
Therefore, the stable solutions are (A, 0). The tangent bundle T C α is trivial because C α is contractible. The fiber over (A, φ) is
A riemannian structure on T C α is defined by the inner product
where
The derivative of SW-functional defines a 1-form dSW ∈ Ω 1 (C α ). For each point (A, φ), the functional dSW (A,φ) :
where Φ :
is the linear operator Φ(Θ) = Θ(φ), and
Thus, the Euler-Lagrange equations of SW α -functional are
2.3. Hodge Solutions. It follows from the identity
(see in [4] ) that the SW α monopoles are the stable solutions. From [11] , it is known that such SW-monopoles exist only for a finite number of classes α ∈ Spin c (X). Thus, it arise the question about a sufficient condition to guarantee their existence. The easiest solutions of the Euler-Lagrange equations above are the ones of type (A, 0), where the curvature F A is a harmonic 2-form. Hodge theory guarantees the existence of such solution. The gauge isotropy subgroup of (A, 0) is isomorphic to U 1 , justifying their nickname redutible. Furthermore, 
Proof. The equation d * F A = 0 implies that F A is an harmonic 2-form and, by Hodge theory, it is the only one. Let A and B be solutions and consider B = A + b; so,
By fixing the origin at A, we associate B b ∈ H 1 (X, R); note that F B = F A . Let B 1 be a solution gauge equivalent to B 2 , so there exists g ∈ G α such that B = A + g −1 dg and F B1 = F B2 . However, the 1-form g −1 dg ∈ H 1 (X, Z). Consequently,
2nd -Variation Formula
The 2 nd -variation formula is the symmetric bilinear form 
Analogously, by considering the operator Q :
It is straight forward that Q = P * .
From the computation above, there exists a linear operator H (A,φ) :
which matrix representation is
Therefore, the induced quadratic form H
3.1. Morse Index of Redutible Solutions. From Hodge theory, we have the complex
Since
, and d(Ω 0 ) is the tangent space to the orbits, the tangent space of A α × Gα Γ (S + α ) at (A, φ) can be decomposed into W 1 ⊕ W 2 , where
where H 1 is space of harmonic forms and is also the tangent space to the Jacobian torus T b1(X) at (A, 0). The quadratic form in 7, when evaluated at a redutible solution (A, 0), is given by
Indeed, at (A, 0), it follows from expression 7 Proof. It follows from the spectral theory applied to the elliptic, self-adjoint operator L A ( [1] , [12] ) that the spectrum of L A (i): is discrete, (ii): each eigenvalue has finite multiplicity, (iii): there are no points of accumulation, (iv): there are but a finite number of eigenvalues below any given number. Therefore, the spectrum of L A is bounded from below.
